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Abstract

In this paper, a numerical investigation of laminar convective flows in a differentially heated, square enclosure with a heat-conducting cylinder
at its center, is carried out. The flow and the temperature are computed using respectively the lattice Boltzmann equation and finite-difference with
suitable coupling to take natural convection into account. The investigation is performed for Pr = 0.71, Rayleigh numbers of Ra = 103–106 and
temperature-difference ratio of �T ∗ = 0–50. The average hot and cold walls Nusselt numbers, the flow and temperature fields are presented and
discussed. For a constant Ra, the average Nusselt number at the hot and cold walls (Nuh and Nuc) vary linearly with �T ∗: Nuh decreases with
�T ∗ while Nuc increases with �T ∗.
© 2006 Elsevier Masson SAS. All rights reserved.

PACS: 44.25i.+f; 47.11i.+j
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1. Introduction

Thermal transfers are needed in modern technology and are
very important in many industrial areas. Hence it is necessary to
study and simulate these phenomena. Several numerical and ex-
perimental methods have been developed to investigate enclo-
sures with and without obstacle because these geometries have
great practical engineering applications. House et al. [1] studied
the effect of a centered, square, heat conducting body on natural
convection in a vertical enclosure. They have shown that heat
transfer across the cavity may be enhanced or reduced by a body
with a thermal conductivity ratio smaller or greater than unity.
They also found that the heat transfer can be minimal as the size
of the body is increased. The same geometry was reported in the
numerical study of Oh et al. [2] when a conducting body gener-
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ates heat within the enclosure. In this study, it is shown that the
flow is driven by a temperature difference across the enclosure
and a temperature difference caused by the heat source. They
demonstrated a transition from a flow dominated by the tem-
perature difference across the enclosure to that dominated by
the temperature difference due to the heat transfer. Ha et al. [3]
investigated the unsteady natural convection process of three
different fluids: sodium, air, and water in a differentially heated
square cavity within which a centered, square, heat-conducting
body generates heat. They studied with respect to the dimen-
sionless time, the effects of the Prandtl number, the thermal
conductivity ratio, the heat capacity ratio, and the temperature-
difference ratio on variations of streamlines, isotherms and the
average Nusselt numbers at hot and cold walls. Ha et al. [4] in-
vestigated the steady, three-dimensional heat transfer and flow
characteristics of natural convection in a vertical cubic enclo-
sure differentially heated inside which a cubic body generates
heat. They found that the flow and isotherm distributions show
very complex three-dimensional patterns. Mezrhab et al. [5]
studied the radiation-natural convection interactions in a differ-
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Nomenclature

A cavity aspect ratio (A = H/L = 1)
Ab body area, πr2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2

g acceleration of gravity . . . . . . . . . . . . . . . . . . . m s−2

H enclosure height . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
k thermal conductivity . . . . . . . . . . . . . . . W m−1 K−1

L enclosure width . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
Nu average wall Nusselt number, −1

�T

∫ H

0

(
∂T
∂x

)
walldy

Pr Prandtl number, ν/αf

qb heat generation per unit volume . . . . . . . . . . W m−3

r radius of the cylinder . . . . . . . . . . . . . . . . . . . . . . . . m
Ra Rayleigh number, gβ�T L3/ναf

Rk thermal conductivity ratio, kb/kf

Rα thermal diffusivity ratio, αb/αf

T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
T0 average fluid temperature, (Th + Tc)/2 . . . . . . . . K
u x velocity component . . . . . . . . . . . . . . . . . . . . m s−1

v y velocity component . . . . . . . . . . . . . . . . . . . . m s−1

x, y Cartesian coordinates . . . . . . . . . . . . . . . . . . . . . . . . m

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . . . . m2 s−1

β volumetric expansion coefficient . . . . . . . . . . . K−1

�T maximal temperature difference, Th − Tc . . . . . . K
�T ∗ temperature-difference ratio, (qbAb)/(kb�T )

�T0
∗ temperature-difference ratio at which the average

hot wall Nusselt number is equal to zero
ν kinematic viscosity of the fluid, Eq. (5) . . . m2 s−1

ψ stream function . . . . . . . . . . . . . . . . . . . . . . . . . m2 s−1

Ψ dimensionless stream function, ψ/αf

Ψmax maximum dimensionless stream function
θ dimensionless temperature, (T − T0)/�T

Subscripts

b inner body
c cold wall
f fluid
h hot wall
entially heated square cavity within which a centered, square,
heat-conducting body generates heat. For the solution of the
governing equations, they have used a specifically developed
numerical model based on the finite-volume method and the
SIMPLER algorithm. They have found that:

(i) the isotherms and streamlines are strongly affected by the
radiation exchange at high Rayleigh numbers (Ra � 106),

(ii) the temperature of the inner body decreases owing to the
radiation exchange effect,

(iii) for a fixed Ra, the average Nusselt number at the hot and
cold walls (Nuh and Nuc) vary linearly with increasing
�T ∗.

Numerically, the classical methods are based on the resolu-
tion of the Navier–Stokes equations. These methods rest on the
spatial and temporal discretization of the macroscopic evolution
equations. A different mesoscopic approach (lattice Boltzmann
method) may be used to simulate the fluid flow. This method
is based on a simplification of the Boltzmann equation consid-
ered in the kinetic theory of gases. As discussed in the next
section, it can be coupled to a standard numerical scheme for
the evolution of the temperature (for instance a simple finite-
difference scheme) to provide a convenient way to simulate
thermo-convective problems. This is used in several recent pa-
pers [6,7] including our previous work [8]. For the convection
cases considered in this previous work, we found that the cou-
pled LBE-FD method is a robust second-order numerical tech-
nique that can deal easily with boundaries of various shapes
and properties. Other authors [7] have come to similar conclu-
sions. In this study, we propose to use a numerical coupling
between the lattice Boltzmann equation in its refined multi-
relaxation approach [10] and finite difference method to obtain
the velocity and temperature fields. This paper is organized as
follows: Section 2 reviews the numerical analysis (lattice Boltz-
mann equation and energy equation), Section 3 presents the
code validation, Section 4 discusses the results and the last sec-
tion concludes the paper.

2. Numerical analysis

Natural convection in cavities including a partition or an in-
ner body have been investigated by several authors; however the
inner body has generally a square shape [1–5]. In this study we
consider the configuration that is shown in Fig. 1. The horizon-
tal walls are perfectly insulated while the two vertical walls are
maintained at two different temperature Th and Tc respectively.
The fluid moves inside the cavity due to the buoyancy force
generated by the density gradients. The working fluid is New-
tonian and incompressible;1 viscous dissipation is neglected in
the energy equation and it is assumed that the Boussinesq ap-
proximation is applicable. Differing from previous studies, the
inner body considered in this work is a conducting cylinder
which generates heat.

2.1. Lattice Boltzmann equation

The origin of lattice Boltzmann equation (LBE) is the lat-
tice gas automaton (LGA) model proposed by Frisch et al. [9]
together with the standard description of gases in kinetic the-
ory with a velocity distribution function f (r,v, t) that depends
on space, velocity and time and is a Maxwellian distribution for

1 The LBE technique is intrinsically compressible but departure from true
incompressible flows are of the order of the square of the fluid velocity, hence
conditions are chosen such that the maximum speed in the cavity is below 0.1
in non-dimensional units of the LBE algorithm.
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Fig. 1. Square cavity simulated.

a uniform gas at equilibrium. The basic idea of the LBE tech-
nique (see Ref. [11] for a review) is to consider f at discrete
points of a highly symmetric lattice (usually square or cube),
for discrete times tl = lτ and for a small number of velocities
chosen such they correspond to motions from lattice nodes to
close-by lattice nodes during one time step (of duration τ ). If
the set of velocities for which f is defined has b + 1 elements
c0, ci , i ∈ {1, . . . , b}, then we consider that for each node r of
the lattice and each time tl , the system is completely defined
by the set of b + 1 real numbers fi(r, l), i ∈ {0, . . . , b}. It is
convenient to consider a b + 1 component vector

F = {f0, f1, . . . , fb}T (1)

As we describe here results for 2-D situations, we take the sim-
ple D2Q9 model with 9 velocities, in this case b = 8.

The dynamics of the system follows the lattice Boltzmann
equation

fi(x + ci , t + 1) = fi(x, t) + (ΩF)i (2)

This can be interpreted as follows: a time step of duration 1 (in
normalized time units) can be split in two substeps. One repre-
sented by the operator Ω that acts to redistribute the fi at each
lattice node corresponds to “collisions”, the other one (change
of node and change of time) corresponds to advection (or mo-
tion from lattice nodes to other lattice nodes). Note that if the
basic velocities ci are adequately chosen the advection substep
is exact. Approximations with respect to real physics are used
to simplify the operator Ω . In the early work on LBE only the
result (ΩF)i was given for particularly simple forms of the col-
lision operator (LBE-BGK case). However it turns out that it is
preferable in terms of stability of the technique and a broader
choice in the macroscopic properties of the model to use the
so-called LBE-MRT (multi relaxation time) version [10]. This
is what we do here. In the LBE-MRT approach, the state of the
system at each lattice node is represented by the vector F and
a set of moments that is derived from F by a linear transforma-
tion

M = {m0,m1, . . . ,mb}T = AF (3)

The choice of the (non-singular) matrix A follows what is done
in kinetic theory of gases and takes advantage of the symmetries
of the problem. It is convenient that the density (sum of the fi )
and the flux of momentum be included in M . In the LBE-MRT
approach the advection substep of Eq. (2) is performed in F

space, whereas the collision substep is performed in M space.
For simplicity the collision step is defined as a linear relaxation
of moments towards their equilibrium value, following the set
of equations that applies for all moments that are modified in
collisions (that is other than density and Cartesian components
of the momentum for Navier–Stokes or than the density if one
wishes to simulate the diffusion equation),

mac
j = mbc

j + sj
(
m

eq
j − mbc

j

)
(4)

where mac
j is the moment after collision, mbc

j is the moment

before collision, m
eq
j is the equilibrium values of the non-

conserved moments and it can be chosen at will provided that
the symmetry of the problem is respected [8,12], and sj is a re-
laxation rate. For stability reasons sj must be taken between 0
and 2. It can be shown that the kinematic viscosity of the system
is given by:

ν = 1/3(1/sXY − 1/2) (5)

where sXY is the relaxation rate of the off-diagonal stress tensor.
It is beyond the scope of this paper to present an analysis of the
LBE technique and of the accuracy of its predictions for simple
situations using techniques used for instance in Ref. [12]. We
just indicate that we used for the relaxation rates of the non-
conserved moments {1.4, 1.4, 1.2, 1.2} respectively for {kinetic
energy, square of kinetic energy, x and y components of the flux
of energy}. These values are not critical unless one wishes to
simulate conditions for large fluid velocity and/or use a limited
number of grid points to represent the smallest scales of the
flow under study.2

2.1.1. Boundary conditions
The introduction of boundaries is done in the following way.

We apply the usual bounce-back condition [14] at all solid cav-
ity walls which are thus located with a good approximation in
between the last “fluid” node and the first “solid” point. On the
inner interfaces (fluid/inner body), the boundary conditions are
applied using a combination of the bounce-back scheme and of
spatial quadratic interpolation [15,16]. The justification for us-
ing interpolation is that the distribution function fi are smooth
continuous in both space and time. There are some particles that
are going to be in interstitial positions after being rebounded
by the inner body. This is the reason why we used this com-
bination. This technique is graphically depicted in Fig. 2. The
bounce-back boundary conditions place the physical wall at the
half grid spacing beyond the last fluid node xf ; but there are
others cases when this wall is not located at this distance. In
fact we define the parameter q that expresses the fraction in
fluid region of a grid spacing intersected by the boundary, i.e.,
q ≡ |xf − xw|/δx . In Fig. 2(a) it is clear that the particle moves

2 Note that free parameters in the LBE model can be tuned to increase stabil-
ity at large speed or to increase the accuracy at short spatial scale and that the
optimal values are not the same for the two cases. Making a reasonable choice
is therefore left to the initiative of the user of LBE.
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Fig. 2. Illustration of the boundary conditions for a rigid wall located between
two grid sites in the direction of the movement of the particle that is rebounded.

from xf toward xw , then it comes back to its place after be-
ing reflected by the wall. This case is submitted to the usual
bounce-back boundary conditions. Whereas in the two others
cases Fig. 2(b) and (c), the particle stands in interstitial posi-
tions xi . To keep the structure of the grid, the distribution must
be reconstructed. For example in case of q < 1/2. At time t

the distribution function of the particle with velocity pointing
to the wall (Fig. 2(b)) at the grid point xf (a fluid node) would
end up at the point xi located at a distance (1 − 2q)δx away
from the grid point xf , after the bounce-back collision. Be-
cause xi is not a grid point, the value of f3 at the grid point
xf needs to be reconstructed. Noticing that f1 starting from
point xi would become f3 at the grid point xf after the bounce-
back collision with the wall, we construct the values of f1 at
the point xi by a quadratic interpolation involving values of
f1 at the three locations: f1(xf ), f1(xf

′) = f1(xf − c1) and
f1(xf

′′) = f1(xf − 2c1). In a similar manner, for the case of
q � 1/2, we can construct f3(xf ) by a quadratic interpolation
involving f3(xf ) that is equal to f1(xf ) before the bounce-back
collision, and the values of f3 at the nodes after collision and
advection, i.e., f3(xf

′), and f3(xf
′′). Therefore the interpola-

tions are applied differently for the two cases:

(1) For q < 1/2, interpolate before propagation and bounce-
back collision.

(2) For q � 1/2, interpolate after propagation and bounce-back
collision.

We do so to avoid the use of extrapolations in the boundary
conditions for the sake of numerical stability. This leads to the
following interpolation formulas (where the notations f̂i and fi

denote the post-collision distribution functions before and after
advection):

fī(xf , t) = q(1 + 2q)f̂i(xf , t) + (1 − 4q2)f̂i(xf
′, t)

− q(1 − 2q)f̂i(xf
′′, t) q < 1/2 (6)
fī(xf , t) = 1

q(1 + 2q)
f̂i(xf , t) + (2q − 1)

q
fī(xf

′, t)

− (2q − 1)

(2q + 1)
fī(xf

′′, t) q � 1/2 (7)

where fī is the distribution function of the velocity cī ≡ −ci .
Note that if one uses an efficient LBE code in which colli-
sions and motions are performed together, then the information
needed in the previous equations are moved one step along ci

so the effect of boundaries is taken care of by:

fī(xf , t) = q(1 + 2q)fi(xf + ci, t) + (1 − 4q2)fi(xf , t)

− q(1 − 2q)fi(xf − ci, t) (8)

fī(xf , t) = 1

q(1 + 2q)
fi(xf + ci, t) + (2q − 1)

q
fī(xf − ci, t)

− (2q − 1)

(2q + 1)
fī(xf − 2ci, t) (9)

2.2. Equation of temperature

The dimensionless temperature θ provides a buoyancy force
in the y direction, fy = gβ�T θ(r, t), where r is the position
of the air node which has temperature θ(r, t) at time t . The
usual LBE analysis of the long time, large spatial scale behav-
ior leads to “Navier–Stokes”-like equations with the adequate
coupling between the temperature field and the hydrodynami-
cal variables, and unmodified expressions for the viscosity. As
far as the energy equation is concerned, several schemes were
considered for the time integration: alternating-directional im-
plicit (ADI) splitting scheme [13] simple explicit Euler scheme,
Heun’s method (second-order predictor-corrector), the last one
giving a very good compromise between accuracy and com-
putational efficiency so that the time spent solving the energy
equation could be as small as 1/5 of the time spent solving
the LBE part of the computation, due in part to the fact that
we could take a time step for the energy equation larger than
the time step used for LBE. Using the dimensionless tempera-
ture θ , the energy equation can be expressed by the following
two-dimensional equation:
For the fluid region:

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
= αf

(
∂2θ

∂x2
+ ∂2θ

∂y2

)
(10)

For the solid body region:

∂θ

∂t
= Rααf

[(
∂2θ

∂x2
+ ∂2θ

∂y2

)
+ �T ∗

Ab

]
(11)

At the fluid-body interface, the boundary thermal conditions
are:

θb = θf ; Rk

∂θb

∂n
= ∂θf

∂n
(12)

where n denotes the normal direction to the interface under con-
sideration.

If Nx ×Ny = N2 is the number of fluid points in the numer-
ical grid (Nx = Ny = N ), according to the bounce-back bound-
ary condition and LBE techniques [14], the effective boundaries
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will be at 1/2 and N + 1/2. We may use for the finite differ-
ence scheme the same grid points as for the LBE scheme. In that
case, we must therefore use as boundary conditions for the tem-
perature.

θ(1/2, y) = θh = 0.5 for 1
2 � y � N + 1

2

θ(N + 1/2, y) = θc = −0.5 for 1
2 � y � N + 1

2
∂θ
∂y

(x,1/2) = 0 for 1
2 � x � N + 1

2
∂θ
∂y

(x,N + 1/2) = 0 for 1
2 � x � N + 1

2

On the enclosure walls and on the body u = v = 0.

3. Code validation

The numerical code used for the present study was rigor-
ously verified. In the cases of an empty cavity, a square cavity
with a hot circle inside, and concentric cylinders, the presented
numerical study was checked for accuracy against the earlier
published numerical and experimental results reported by dif-
ferent authors, and the agreement between the present and pre-
vious results was very good in Ref. [8]. In this paper, we present
a comparison between the results given by our calculation and
those reported in the bibliography [1,2,5]. The physical prob-
lem studied by these authors is a vertical square enclosure with
sides of length L. The vertical walls are isothermal and dif-

Fig. 3. Variation of the average wall Nusselt number with �T ∗ for Pr = 0.71
and Rk = 1.
Table 1
Comparison of the average wall Nusselt number for Rk = 1, �T ∗ = 0 and
Pr = 0.71

Ra Nu

Present Oh et al. [2] House et al. [1] Mezrhab et al. [5]

103 1.015 1.016 no data 1.016
104 1.759 1.770 no data 1.766
105 4.467 no data 4.506 4.458

ferentially heated, whereas the bottom and top walls are adia-
batic. This enclosure is centered by a square, heat-conducting
body with sides of length equal to L/2. The grid size used is
121 × 121 in the x and y directions, respectively. For the same
parameters used in Ref. [1,2,5] and without heat generated by
the inner body, Table 1 shows the average wall Nusselt number
comparison.

Fig. 3 presents a graphical comparison concerning the vari-
ation of the average Nusselt numbers at the hot and cold walls
as a function of the temperature-difference ratios �T ∗. In the
same way, Fig. 4 presents the streamlines and the isotherms.
We note an excellent agreement between our results shown in
Figs. 3 and 4 and those obtained, in Figs. 4 and 6 of Oh et al. [2].
The largest discrepancies between the present results and those
reported in [1,2,5] can be estimated to be less than 1 per cent.

4. Results and discussions

Numerical simulations are performed for A = 1, Pr = 0.71,
r = H/6, Rk = 1, Rα = 1, 103 � Ra � 106 and 0 � �T ∗ � 50.
In order to examine the influence of Ra and �T ∗ upon the flow
and temperature field inside the enclosure, we first varied the
mesh size to determine the optimum uniform grid (i.e. the best
compromise between accuracy and computational costs). Then,
we have considered the following case: Pr = 0.71, Ra = 106

and �T ∗ = 50, to compute Ψmax and Nu for each grid size.
As can be seen in Fig. 5, the relative differences between the
results obtained for 121×121 and 161×161 grid points are be-
low 1% for Ψmax and less than 6 × 10−3 for Nu. Consequently,
for most of the computations reported in this study a grid with
121 × 121 was chosen to optimise the relation between the
Fig. 4. Isograms at Ra = 103, Rk = 1, Pr = 0.71 and �T ∗ = 50: (a) streamlines; (b) isotherms.
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Fig. 5. The influence of the mesh size on the accuracy of the results for
Pr = 0.71, Ra = 106 and �T ∗ = 50.

required accuracy and the computing time. The isotherms are
plotted using the dimensionless temperature θ . The dimension-
less stream function Ψ is defined as usual through u = αf ( ∂Ψ

∂y
)

and v = −αf ( ∂Ψ
∂x

). The number of contour lines is fixed to 11
for all isotherm plots and to 14 for all streamline plots with the
same step in each case.

4.1. Isotherms and streamlines

The isotherms and streamlines are shown in Figs. 6–9 for
a Rayleigh number of 103–106. For each value of Ra, the
temperature-difference ratios equal to: 0, 10 and 50. When the
inner body does not generate heat (�T ∗ = 0), the streamlines
circulate in the clockwise direction owing to the positions of
the cold and hot walls. At low values of Ra, the air circula-
Fig. 6. Isograms at Ra = 103: (a) streamlines; (b) isotherms.
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Fig. 7. Isograms at Ra = 104: (a) streamlines; (b) isotherms.
tion is weaker, the streamlines are circular and the isotherms
appear to be nearly parallel to the active walls because the heat
transfer mode is conduction. When Ra increases, the flow ve-
locity increases and it causes a stronger circulation near the hot
and cold walls. The isotherms move in the clockwise direction
and become almost horizontal in the inner body, indicating that
heat is conducted vertically through the body, from the higher
temperature fluid in the upper part of the cavity to the lower
temperature fluid in the lower part. When the inner body gen-
erates heat (�T ∗ �= 0), we note an increase of the temperature
inside the enclosure, and the maximum temperature at the body
is higher than the one of the hot wall. The heat generated by
the body influences the shapes of the isotherms, and it is trans-
ferred to the fluid that carry it to the cold wall. However, in the
left region of the cavity, the heat transferred from the body to
the fluid increases its temperature which becomes greater than
that of the hot wall. Thus, heat is transferred from the fluid
to the hot wall. This behavior causes a second circulation in
the counter-clockwise direction in this region. This circulation
becomes larger when �T ∗ increases. As �T ∗ increases fur-
ther, the fluid temperature next to the hot wall becomes hotter
and, for a certain �T ∗, the average hot wall Nusselt number
becomes zero. Above this temperature-difference ratio, a frac-
tion of the heat generated by the body moves out through the
hot wall. The temperature inside the enclosure decreases with
increasing Ra, because the convective heat transfer increases
i.e. the air velocity increases and therefore the inner body loses
more energy by convection. The point of maximum temperature
for Ra = 103 is located almost at the center of the body, whereas
the one for Ra > 104 is at the upper part of the vertical center-
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Fig. 8. Isograms at Ra = 105: (a) streamlines; (b) isotherms.
line owing to the asymmetric temperature fields. For �T ∗ � 30,
the heat generated by the inner body is considerable, which
causes an increase of the temperature in the enclosure and the
isotherms become almost symmetrical across the vertical cen-
terline. Indeed, at high value of �T ∗, the surface temperatures
of the inner body are much greater than those of the isothermal
walls and the problem becomes as if these walls were main-
tained to the same temperature.

4.2. Average wall Nusselt number

The variation of the average Nusselt numbers of the hot and
cold walls vs Rayleigh number, for 0 � �T ∗ � 50, is depicted
in Fig. 10. With increasing Ra, both hot and cold walls Nusselt
numbers increase. This is due to the increase of the buoyancy
force. Except the case of Nuh = Nuc, the profiles are parallel
because �T ∗ varies by the same step that is equal to 10. On
the other hand, for a fixed value of Ra, Nuc increases, but Nuh

decreases with increasing �T ∗. This is clearly represented in
Figs. 11(a) and (b) showing the average Nusselt number at the
hot and cold walls for various temperature-difference ratios and
for Ra = 103,104 and Ra = 105,106, respectively. The varia-
tion of both Nuh and Nuc is linear. From Figs. 11(a) and (b), we
can deduce �T0

∗, at which the average hot wall Nusselt number
Nuh becomes zero. We find that �T0

∗ increases with increas-
ing Ra from 103 to 106, resulting in increasing convection effect
which gives an increase in both Nuc and Nuh, meaning that the
circulating flow in the cavity increases and more heat is trans-
ferred to the cold wall or to the ambient through the hot wall.
Due to this behavior, the average cold wall Nusselt number for
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Fig. 9. Isograms at Ra = 106: (a) streamlines; (b) isotherms.
high Ra increases more quickly than that for low Ra, while the
average hot wall Nusselt number for high Ra decreases more
slowly than that for low Ra. Nuc and the absolute value of Nuh

increase linearly with increasing �T ∗ but, the increase of Nuc

is important with respect to the one of the absolute value of
Nuh owing to the air temperature which becomes high in the
right part of the cavity. According to the energy conservation,
the difference between Nuc and Nuh is equal to �T ∗, hence:

�T ∗ = Nuc − Nuh (13)

5. Conclusion

Natural convection in a differentially heated enclosure,
within which a centered, circular, heat-conducting body gen-
erates heat, was successfully solved numerically through the
Fig. 10. Variation of the average wall Nusselt number with Ra for �T ∗ varying
from 0 to 50.
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Fig. 11. Variation of the average wall Nusselt number with �T ∗: (a) Ra = 103

and 104; (b) Ra = 105 and 106.

FD-LBE coupling. For the Rayleigh number ranging between
103 and 106, and for temperature-difference ratio varying from
0 to 50, the main results obtained may be summarized as fol-
lows:

(1) For a constant Ra, the average Nusselt number at the hot
(cold) wall decreases (increases) linearly with increasing
�T ∗. When �T ∗ < �T0

∗, Nuh is positive and the net heat
transfer at the hot wall is into the fluid of the enclosure.
At �T ∗ = �T0

∗, the net heat transfer at the hot wall be-
comes zero, whereas at �T ∗ > �T0

∗, it is negative, and it
is transferred out of the fluid.

(2) The relation binding the average Nusselt numbers at the
hot and cold walls, and the temperature-difference ratio is
�T ∗ = Nuc − Nuh.

(3) Independently of the value of �T ∗, the maximal tempera-
ture in the cavity decreases with increasing Ra.

(4) For �T ∗ � 40, the heat transfer and the air flow in the
cavity are under the quasi-total dominance of the heat gen-
erated by the inner body.
Finally, the results obtained in a two-dimensional configura-
tion are very interesting and can have important implications in
several industrial applications. However, the three-dimensional
simulations are more realistic, particularly when the inner body
does not spread to the whole depth of the cavity. Therefore, our
perspective is to simulate in a three-dimensional case, the nat-
ural convection in a rectangular cavity with a heat-generating
conducting body.
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